AIAA JOURNAL, VOL. 30, NO. 3: TECHNICAL NOTES 855

the computed and the experimentally measured mode shapes
was made for all of the frequencies and good agreement was
obtained.

1V. Discussion and Conclusions

It is concluded that the theoretical model as described herein
predicts frequencies and mode shapes that are in good agree-
ment with experiment.

It has been observed that accurate prediction of higher
mode frequencies, for plates of the type discussed here, often
requires inclusion of the effects of rotary inertia of attached
masses in the analysis. This is not surprising as the masses will
undergo harmonic rotation for some of the higher modes. Ex-
tension of the analysis to include these rotary inertia effects is
currently underway.

To the authors’ knowledge, the work reported here repre-
sents the first comprehensive analytical and experimental
study of this interesting and timely problem. The analysis pro-
vides the designer with a powerful tool for optimizing the dis-
tribution of rigid point supports and attached masses on the
plate surface. The experimental data will provide other re-
searchers with reference points against which they can com-
pare their theoretical results.
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Introduction

HE improvement of finite element models of structures

based on experimental data is usually referred to as model
updating. Finite element model updating methods in struc-
tural dynamic problems generally consist of making correc-
tions of the theoretical stiffness and mass matrices so that the
eigenvalues and eigenvectors of the finite element model get
closer to the experimental values.! The number of parameters
in the finite element model is normally too big, and constraint
equations? or localization methods® must be used to reduce the
number of parameters of the theoretical model that must be
estimated. The parameter estimation method may be inter-
preted as an optimization method where the minimization of
an objective function is sought. Depending on how this func-
tion is constructed, the estimation method may be classified as
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least squares (LS), maximum likelihood (ML), or maximum a
posteriori (MAP),® which can be either linear or nonlinear and
recursive or not. In finite element model updating problems, it
is frequent that for the most part the structure be well mod-
eled, whereas localized regions are very poorly modeled, e.g.,
mechanical joints.** In such cases, there is generally very little
confidence in the initial guess parameter values of the theoret-
ical model and LS or ML estimation methods are suitable. In
previous publications, the author has propcsed the nonlinear
curve fit of dynamic response functions, e.g., frequency re-
sponse functions (FRF) and unbalanced responses, for such
applications.®” It was observed in the various examples treated
in those papers that taking the response curves in logarithmic
scale improved the convergence of the search procedures in-
volved in the minimization of the objective function. In this
paper, it is shown that the minimization of the correlation
coefficient between two curves may be obtained in an iterative
process where each step consists of a least squares nonlinear fit
with a scaled curve. It is also shown that, when the curve is in
logarithmic scale, the least squares objective function has the
same shape as the maximum correlation objective function,
and they are related by a scalar that is the square of the norm
of the fitted data vector.

Objective Functions

If F, is a vector that contains the experimental values of a
response function, e.g., a FRF, and F; is the corresponding
vector of theoretically predicted values for the same function,
the ordinary least squares objective function Jig is given by,

Jisp) = (Fx—F)(F,—F)) m

where p is a vector of which the elements are the parameters
used in the theoretical model to calculate F,, and superscript T
denotes the transpose of a vector. The objective function for
maximizing the correlation coefficient between the two curves
may be written as,
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Figures 1 show both objective functions in the case of a one
degree-of-freedom (DOF) structure where the absolute value
of the FRF was taken as the response function to be fitted.
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In Eq. (3), k is the stiffness coefficient, m the mass, ¢ the
damping coefficient of the one-DOF structure, and « the
frequency in radians per second. The curves shown in Figs. 1
are cross sections of the objective functions Jis(p) and Jyc(p)
in the neighborhood of the solution py = {k¢,m,c0}7. The
LIN and LOG superscripts are used when the absolute value
of the FRF or its logarithm are used, respectively. The curves
were scaled for plotting so that the amplitudes would be
smaller than 1. It can be seen in Figs. 1 that when the loga-
rithmi of the FRF is used the objective functions have the same
shape for L:S and MC and that this shape is much smoother
than for LS with linear FRF amplitudes. The sawtooth profile
of the cross sections of J-N(p) explains the poor convergence
of the nonlinear search process when the initial guess values of
p are not in a close neighborhood of the solution p,.

Nonlinear Search Algorithm

The Gauss-Newton solution for the minimization of J s(p)
gives the well-known nonlinear LS iterative search algorithm:

p¥t = pk+ (STS)"IST(F—F)) @

where k denotes the iterative step and S is the sensitivity matrix
given by the Jacobian of function F; with respect to the
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Fig. 1 Objective function cross sections: a) m =myp, ¢ =cp; b)
k =ko, c=co; ¢) m=mo, k =kp (-—- JEN, — JE9C; + + +
T 2+ TR,

parameters p, S = dF,/dp. Linearizing F;(p) in the neighbor-
hood of p* gives,

F(p** ) = F(p") + S@** 1 —pY s)

Replacing Eq. (5) in Eq. (2) and making

(M«:(p)) o ©
ap p=pk+1

it is possible to obtain the expression:
[F[TF, + Z(pk+ 1 _pk)TSTFt + (pk+1 _pk)TSTS(pk+l
— POISTF, — [F{F; + (0** ' ~ pYTSTF1ISF,
+8TS@* 1 -pH1=0 )
From Eq. (7), it is possible to write,
Pkl =p*+(STS) 'ST(F,~F) ®

where FR, = oF, is a scaled experimental FRF with

FtTFt + 2(pk+1 —pk)TSTF, + (pk+1 _pk)TsTS(pk+l __pk)
g =

used to scale F,. With the scaled curve F,, the search direction
is recalculated from Eq. (4). This procedure is repeated until
convergence of the values of the search direction (p**! — p*).
When using modified nonlinear LS algorithms,® the line
search performed in the calculated search direction also uses
the objective function given by Eq. (2).

Equivalence of Objective Functions

In this section, the similarity of JI&%(p) and J42°(p) in the
neighborhood of the solution p, will be proved. The LS objec-
tive function for logarithmic curves is

F.\ |2
JHEp) = Xllog (F,) —log F)P=Y [log<17'>] (10
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With F,/F, in the neighborhood of 1, making a Taylor
expansion of the logarithm function and neglecting the higher
order terms gives,

LOG, it g
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The maximum correlation objective function may be writ-
ten as,

[Ei log (F,) log (F\))?
Li[log (F,)1’Z;[log (F.)P
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Using the Taylor expansion again, it is possible to write,
Lillog (F)I’T; log (F,))* — [Z; log (Fy,) log (F))?

F, 2
= Li[log (Ft,-)]22f<F—’ - 1) (13)

Xi
Substituting Eq. (13) into Eq. (12),

L (F, /Fy) — 1]?
L;[log (F,)P

Nil(p) = (14)

Comparing Eqgs. (14) and (11), the approximate relation
between the two objective functions is established:
%)

LOG, ~
Hie P = poe F)P (13)

Equation (15) shows why the objective functions have the
same shape near the solution p,, as can be observed in Figs. 1.

Conclusions

The formulation for a nonlinear curve fit by maximizing the
correlation coefficient between the vectors containing the data
to be fitted and the corresponding predicted values was
derived. The maximization of the correlation coefficient is
achieved by iteratively making nonlinear least squares curve
fits of scaled curves. It was shown that, in the neighborhood
of the solution, the objective functions corresponding to least
squares and maximum correlation criteria have the same shape
when the curve is fitted in logarithmic scale. This shape is
generally much smoother than the linear scale least squares
objective function shape. Based on those findings, the pro-

EIF, + ("'~ pY'STF,

Therefore, in order to minimize Jyc(p), it is necessary to
introduce another iterative scheme e¢ncompassing the nonlin-
ear least squares iteration loop. Initially, 0 = 1 and the least
squares search direction is calculated from Eq. (4). The solu-
tion p4+1! — p* is then put in Eq. (9) to calculate o, which is

®

posed technique to improve convergence in nonlinear least
squares parameter estimation methods for structural model
updating applications consists of curve fitting FRFs in loga-
rithmic scale to obtain a more stable convergence and shifting
to linear scale in the last iteration steps to refine the solution.
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